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GHOST CHARACTERS AND CHARACTER VARIETIES OF
2-FOLD BRANCHED COVERS
FUMIKAZU NAGASATO AND SHINNOSUKE SUZUKI
Abstract. It is known that for any knotK every (meridionally) trace-free SL2(C)-
representation of the knot group G(K) gives an SL2(C)-representation of the fun-
damental group pi1(Σ2K) of the 2-fold branched covering Σ2K of the 3-sphere
branched along K. In this paper, we show by using a notion called a ghost charac-
ter of a knot that for the (4, 5)-torus knot T4,5 the fundamental group pi1(Σ2T4,5)
has an SL2(C)-representation which cannot be given by any trace-free SL2(C)-
representation of G(T4,5).
1. Background
In [10], we discovered several important properties of the trace-free slice of a knot
K, denoted by S0(K), which is the cross-section of the character variety X(K) of
the knot group G(K) cut by the hypersurface defined by meridionally trace-free
condition tr(ρ(µK)) = 0, where µK is a meridian of K. (For more details, refer
to Subsection 2.2. See also [5, 10] etc.) One of the most remarkable properties of
S0(K) is a mechanism such that S0(K) gives a large subset of the character variety
X(Σ2K) of the fundamental group pi1(Σ2K) of the 2-fold branched cover Σ2K of
3-sphere S3 branched along the knot K. We denote the mechanism by the map
Φ̂ : S0(K) → X(Σ2K) as in [10]. The map Φ̂ is a very powerful tool to construct
SL2(C)-representations of pi1(Σ2K) from trace-free SL2(C)-representations ofG(K)
1,
since for any case where we have calculated X(Σ2K) the map Φ̂ is surjective. For
example, Φ̂ is surjective for any 2-bridge knots and any pretzel knots. (Refer to [10,
Theorem 1 and Lemma 23]. See also [6, Theorem 1.3].) Moreover, we have shown
in [9, Theorem 4.9 (1)] that for any 3-bridge knots the map Φ̂ is surjective. In this
perspective, we have the following natural question:
Is the map Φ̂ surjective for any knot?
In this paper, we will give a negative answer to this question. More precisely, we
will show the following.
Theorem 1.1. For the (4, 5)-torus knot T4,5, the map Φ̂ is not surjective. Namely,
there exists an SL2(C)-representation of pi1(Σ2T4,5) which cannot be given by any
trace-free representations of G(T4,5).
The key to this result is a ghost character of a knot, introduced in [8] (see also [9,
Definition 4.7]). In general, it is not easy to find such a representation since basically
we have to calculate all elements of both S0(K) and X(Σ2K) to compare them.
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1Such an SL2(C)-representation of pi1(Σ2K) is called a τ -equivalent representation. See [10].
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However, a ghost character let us know about an existence of such a representation
relatively easy. In the following sections, we will explain the reason by reviewing
briefly the trace-free slice S0(K) and the ghost characters. Then we will show
that the (4, 5)-torus knot T4,5 has a ghost character and it is given by an SL2(C)-
representation of pi1(Σ2T4,5), which essentially concludes the desired result. (See
Theorem 3.2.)
2. Ghost characters of a knot
A ghost character of a knot is defined via the characters of trace-free SL2(C)-
representations of the knot group. We first review them through the character
varieties and its trace-free slice.
2.1. A quick review of the character variety X(G) of a finitely presented
group G. Let G be a finitely presented group generated by n elements g1, · · · , gn.
For a representation ρ : G → SL2(C), we consider the character χρ of ρ, which is
the function on G defined by χρ(g) = tr(ρ(g)) (∀g ∈ G). We denote by X(G) the
set of characters of SL2(C)-representations of G. By [3], the SL2(C)-trace identity
tr(AB) = tr(A)tr(B)− tr(AB−1) (A,B ∈ SL2(C))
shows that the trace function tg(ρ) = tr(ρ(g)) for an unspecified representation
ρ : G→ SL2(C) and any g ∈ G is expressed by a polynomial in
tgi(ρ) (1 ≤ i ≤ n),
tgigj(ρ) (1 ≤ i < j ≤ n),
tgigjgk(ρ) (1 ≤ i < j < k ≤ n).
It is known that the image of X(G) under the map t
t : X(G)→ Cn+(n2)+(n3), t(χρ) =
(
tgi(χρ); tgigj(χρ); tgigjgk(χρ)
)
,
where we extend the trace function tg to the characters by tg(χρ) = tg(ρ), is a closed
algebraic set (refer to [1]). That closed algebraic set is called the character variety
of G and denoted by X(G). The character varieties has been calculated for many
cases, however it is hard to determine the defining polynomial of them in general.
2.2. Trace-free slice S0(K) of the character variety X(K). Let G(K) be the
knot group of K and µK a meridian of K. A representation ρ : G(K) → SL2(C)
is said to be trace-free (traceless) if tr(ρ(µK)) = 0 holds. We call its character χρ
a trace-free character. The set of trace-free characters gives a subset of X(K) =
X(G(K)), denoted by S0(K):
S0(K) = {χρ ∈ X(K) | χρ(µK) = 0}.
Again, by [1], S0(K) can be realized as an algebraic subset S0(K) of the character
variety X(K) = X(G(K)) through the map t. By definition, the subset S0(K) can
be thought of as the cross-section of X(K) cut by the hyperplane tµK (χρ) = 0, so
S0(K) is also a closed algebraic set. We call this algebraic set S0(K) the trace-free
slice of X(K) (or of K, simply). For a Wirtinger presentation
G(K) = 〈m1, · · · , mn | r1, · · · , rn〉,
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since tµK (χρ) = 0 means tmi(χρ) = 0 for any 1 ≤ i ≤ n, we have
S0(K) = t(S0(K)) ∼=
{(
tmimj (χρ); tmimjmk(χρ)
) ∈ C(n2)+(n3)∣∣∣χρ ∈ S0(K)} .
Based on this description, the following theorem gives us a powerful tool to calculate
the trace-free slice S0(K). For a diagram D of a knot, (i, j, k) (j < k) is called a
Wirtinger triple if ith, jth and kth arcs ai, aj, ak of D meet at a crossing such that
ai is the overarc and aj, ak are the underarcs.
Theorem 2.1 ([8, 9], cf. Theorems 3.1 and 3.2 in [3]). Let G(K) = 〈m1, · · · , mn |
r1, · · · , rn〉 be a Wirtinger presentation. Then S0(K) is isomorphic to the following
algebraic set in C(
n
2)+(
n
3):
S0(K) ∼=
{
(x12, · · · , xnn−1; x123, · · · , xn−2,n−1,n) ∈ C(
n
2)+(
n
3)
∣∣∣ (F2), (H), (R)} ,
where (F2), (H) and (R) are the equations defined as follows:
(F2): the fundamental relations
xak = xijxai − xaj
(1 ≤ a ≤ n, (i, j, k) : any Wirtinger triple),
(H): the hexagon relations
xi1i2i3 · xj1j2j3 = 12
∣∣∣∣∣∣
xi1j1 xi1j2 xi1j3
xi2j1 xi2j2 xi2j3
xi3j1 xi3j2 xi3j3
∣∣∣∣∣∣
(1 ≤ i1 < i2 < i3 ≤ n, 1 ≤ j1 < j2 < j3 ≤ n),
(R): the rectangle relations∣∣∣∣∣∣∣∣
2 x12 x1a x1b
x21 2 x2a x2b
xa1 xa2 2 xab
xb1 xb2 xba 2
∣∣∣∣∣∣∣∣ = 0 (3 ≤ a < b ≤ n),
with xii = 2, xji = xij and xiσ(1)iσ(2)iσ(3) = sign(σ)xi1i2i3 for an element σ of the
symmetric group S3 of degree 3.
Note that the coordinates xij and xijk correspond to −tmimj (χρ) and−tmimjmk(χρ)
respectively for an unspecified trace-free representation ρ : G(K)→ SL2(C).
2.3. Ghost characters of a knot. Suppose that the knot group G(K) has a
Wirtinger presentation:
G(K) = 〈m1, · · · , mn | r1, · · · , rn〉.
Then we define an algebraic set F2(K) in C
(n2) by the fundamental relations (F2) in
Theorem 2.1. Namely,
F2(K) =
{
(x12, · · · , xn−1,n) ∈ C(
n
2)
∣∣∣∣ xak = xijxai − xaj for any 1 ≤ a ≤ nand any Wirtinger triple (i, j, k)
}
.
We remark that the coordinate ring of F2(K) is isomorphic to the nilradical quotient
of the complexified degree 0 abelian knot contact homology. (See Proposition 4.2 in
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[9]. This was originally found in [7].) So F2(K) is an invariant of knots, justifying
the notation as F2(K).
Some observations show that for many knots any point of F2(K) “lift” to S0(K),
that is, any point of F2(K) satisfies (H) and (R). However, this would not be true
for any knot. So we define the following.
Definition 2.2 (Ghost characters of a knot [8, 9]). A point (xij) ∈ F2(K) which
does not satisfy one of (H) and (R) is called a ghost character of K.
As shown in [9, Theorem 4.8], a knot with bridge index less than 4 does not have
a ghost character. A computer experiment shows that there exist 4-bridge knots
which have ghost characters. For example, any (4, q)-torus knot T4,q (q ≥ 5, odd),
whose bridge index is 4, seems to have ghost characters. Here we will demonstrate
the calculations for T4,5.
Let D be the diagram of a (4, 5)-torus knot shown in Figure 2.1. Set the meridians
m1, · · · , m15 as in Figure 2.1 for a Wirtinger presentation of G(T4,5).
D =
PSfrag replacements
x12
x14
m1
m2
m3
m4
m5
m6
m7
m8
m9
m10
m11
m12
m13
m14
m15
Figure 2.1. A diagram D of T4,5 and the meridians m1, · · · , m15 for
the Wirtinger presentation associated with D.
In this setting, the algebraic set F2(T4,5) is given by
F2(T4,5) =
{
(x12, · · · , x14,15) ∈ C(
15
2 )
∣∣∣∣ xak = xijxai − xaj for any 1 ≤ a ≤ 15and any Wirtinger triple (i, j, k)
}
We notice that a knot K in braid position has a nice elimination of the funda-
mental relations (F2) in general. We demonstrate this for the current case T4,5. At
first, we have the following fundamental relations for 1 ≤ a ≤ 15:
xa15 = x8,11xa11 − xa8, xa14 = x11,13xa11 − xa13,
xa13 = x5,8xa8 − xa5, xa12 = x8,10xa8 − xa10,
xa11 = x8,9xa8 − xa9, xa10 = x1,5xa5 − xa1,
xa9 = x5,7xa5 − xa7, xa8 = x5,6xa5 − xa6,
xa7 = x1,4xa1 − xa4, xa6 = x1,3xa1 − xa3,
xa5 = x1,2xa1 − xa2,
xa4 = x11,12xa11 − xa12, xa3 = x4,11xa4 − xa11,
xa2 = x4,15xa4 − xa15, xa1 = x4,14xa4 − xa14.
Note that the last 4 types of (F2) are described for the triple (i, j, k) with j > k
(using the symmetry on j and k) for a technical reason on the elimination process
of (F2). Moreover, for an efficient elimination we add the following equations given
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by the fundamental relations:
x12 = x4,14x24 − x2,14 = x4,14x4,15 − (x4,15x4,14 − x14,15) = x14,15 ,
x13 = x4,11x14 − x1,11 = x4,11x4,14 − (x4,14x4,11 − x11,14) = x11,14 ,
x14 = x4,14 = x11,12x11,14 − x12,14 ,
x23 = x4,11x24 − x2,11 = x4,11x4,15 − (x4,15x4,11 − x11,15) = x11,15 ,
x24 = x4,15 = x11,12x11,15 − x12,15 ,
x34 = x4,11 = x11,12 .
We start with the elimination of xa15 by applying xa15 = x8,11xa11− xa8 to the right
hand sides of the other fundamental relations and the added relations. We continue
this elimination from xa14 to xa5. Then xa15, · · · , xa5 (1 ≤ a ≤ 15) are described by
polynomials in the polynomial ring R = C[x12, x13, x14, x23, x24, x34].
As observed in the proof of [9, Theorem 4.8] the above elimination process can be
understood more topologically. For example, a fundamental relations can be seen as
sliding the corresponding loop at the corresponding crossing of the diagram D (this
time from the left to the right) and resolving “the winding part” by the trace-free
Kauffman bracket skein relation:
PSfrag replacements knot
= ++
.
More precisely, we first identify xak with a loop freely homotopic to mamk. We next
think of the loop xak as the union ca ∪ ck of two arcs ca and ck corresponding to
ma and mk respectively. Then slide ck along the kth arc of D with fixing ca and
resolve the winding part (the part of slided loop going under the ith arc of D) by
the following trace-free Kauffman bracket skein relation:
PSfrag replacements
xak
xai
xaj
xij
i j
k
sliding
=
PSfrag replacements
xak
xai
xaj
xiji j
k
sliding
−
PSfrag replacements
xak
xai
xajxij
i j
k
sliding
.
Each of the resulting loops is freely homotopic tomami ormamj ormimj . Regarding
the disjoint union of loops as the product of their identified monomials, we obtain
the fundamental relation xak = xijxai − xaj . We continue this topological operation
until the loop under consideration is described by a polynomial in R.
On this topological elimination process, as observed in the proof of [9, Theorem
4.8], the resulting polynomial can be also obtained by sliding the arcs to the right
side of D first and resolving the winding parts along the way “associated with
the fundamental relations” second. (Note that the order of slidings and resolvings
are different from the original process.) In this case, there might be several ways to
resolve the winding parts and thus several polynomial expressions as the elimination,
however, the fundamental relations indicate a unique way to resolve the winding
parts. (For example, mark every winding part with a natural number in order when
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it appears and continue this operation until the sliding is finished, then resolve the
marked winding parts in order. If there exists a mark which is not a winding part any
more in the final position, then we erase the mark and skip the resolving.) By this
we mean the way associated with the fundamental relations. This understanding is
applied below. Here we describe the topological elimination process case by case:
(1) for xij (1 ≤ i ≤ j ≤ 4) in the original fundamental relations: slide the arc ci
(resp. cj) from the left side to the right side of D, meanwhile we fix the arc
cj (resp. ci), and resolve the winding parts along the way associated with the
fundamental relations (the resulting polynomial in R is denoted by gi(xij)
(resp. gj(xij))),
(2) for xij (1 ≤ i < j ≤ 4) in the added relations: just slide every loop from
the left side to the right side of D (the resulting loop does not have winding
parts for the current diagram D),
(3) for the others: slide every loop all the way to the right side of D and resolve
the winding parts along the way associated with the fundamental relations.
Process (1) gives xij = gi(xij) and xij = gj(xij) (1 ≤ i < j ≤ 4). Process (2) shows
that x12 = x23 = x34 = x14 and x13 = x24 hold. Process (3) gives the description of
xij (5 ≤ i or 5 ≤ j) by a polynomial in R. Note that Processes (2) and (3) for xii
(1 ≤ i ≤ 15) gives only the trivial relation xii = 2, so we omit them for the process.
By the above argument, we can define a biregular map (an isomorphic projection)
i : F2(T4,5)→ Im(i) ⊂ C(
4
2),
(x12, · · · , x14,15) 7→ (x12, x13, x14, x23, x24, x34).
Then the resulting equations xij = gi(xij), xij = gj(xij) in Process (1) turns out to
be the defining polynomials of Im(i). Hence we obtain
F2(T4,5) ∼=
{
(x12, · · · , x34) ∈ C(
4
2)
∣∣∣∣ xij = gi(xij), xij = gj(xij) (1 ≤ i ≤ j ≤ 4)x12 = x23 = x34 = x14, x13 = x24
}
.
We notice that the above presentation of F2(T4,5) can be naturally generalized for a
knot K in m-braid position:
F2(K) ∼=
{
(x12, · · · , xm−1,m) ∈ C(
m
2 )
∣∣∣ xij = gi(xij), xij = gj(xij) (1 ≤ i ≤ j ≤ m)} .
Now, we can eliminate x14, x23, x24, x34 by x12 = x23 = x34 = x14, x13 = x24. The
above topological process shows that substituting x12 = x23, x23 = x34, x34 = x14,
x14 = x12, x13 = x24, x24 = x13 in xij = gi(xij) and xij = gj(xij) give xi+1,j+1 =
gi+1(xi+1,j+1) and xi+1,j+1 = gj+1(xi+1,j+1), where every index shifts cyclically from
1 to 4, that is, if i (resp. j) is 4, then i + 1 (resp. j + 1) means 1. Hence the
relations xij = gi(xij), xij = gj(xij) for (i, j) = (1, 4), (2, 3), (3, 4) are reduced to
x12 = g1(x12), x12 = g2(x12), and the relations xij = gi(xij), xij = gj(xij) for
(i, j) = (2, 4) are reduced to x13 = g1(x13), x13 = g3(x13) by this substitution.
Moreover, xii = gi(xii) (2 ≤ i ≤ 4) is reduced to x11 = g1(x11). Therefore, F2(T4,5)
is consequently isomorphic to
F2(T4,5) ∼=
{
(x12, x13) ∈ C2
∣∣∣∣ x1j = g˜1(x1j), x1j = g˜j(x1j) (2 ≤ j ≤ 3)x11 = g˜1(x11)
}
,
where g˜i(xij) (resp. g˜j(xij)) denotes the polynomial given by substituting x14 =
x12, x23 = x12, x24 = x13, x34 = x12 in gi(xij) (resp. gj(xij)). By computer, we obtain
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the following descriptions of the defining polynomials of F2(T4,5). Let a = x12,
b = x13.
x11 = 2 = g˜1(x11) = a
5 − 4a3b+ 3a3 + 3ab2 − 2ab− 3a,
a = g˜1(x12) = a
6 − 4a4b+ 2a4 + 3a2b2 + a2b− 5a2 − b2 + 2,
a = g˜2(x12) = a
4b− a4 − 3a2b2 + 4a2b+ b3 − 3b,
b = g˜1(x13) = a
5b− a5 − 4a3b2 + 6a3b+ 3ab3 − a3 − 3ab2 − 5ab+ 3a,
b = g˜3(x13) = a
5 − 3a3b+ a3 + ab2 + 2ab− 3a.
Solving these equations, we obtain 6 points (x12, x13) = (2, 2), (−1, 1), (Root(z2 −
3z + 1),−2 + 2Root(z2 − 3z + 1)), (Root(z2 + z − 1), 2), giving the algebraic set
F2(T4,5).
Here we focus on (x12, x13) = (−1, 1). This gives us
(x12, x13, x14, x23, x24, x34) = (−1, 1,−1,−1, 1,−1).
One can easily check that this does not satisfy one of the rectangle relations (R):∣∣∣∣∣∣∣∣
2 x12 x13 x14
x21 2 x23 x24
x31 x32 2 x34
x41 x42 x43 2
∣∣∣∣∣∣∣∣ = 0.
So we have the following.
Proposition 2.3. With the above setting, the point (x12, x13) = (−1, 1) ∈ F2(T4,5)
is a ghost character of T4,5.
In fact, we can show that T4,5 has only this ghost character. This will not be
necessary here for the proof of Theorem 1.1 and so will be discussed in another
paper in a general setting.
3. Proof of Theorem 1.1
We will show Theorem 1.1 by using ghost characters. First, we will review the
polynomial map Φ̂ : S0(K)→ X(Σ2K) in a general setting.
3.1. The map Φ̂ as a polynomial map. First, we review briefly the map Φ̂ :
S0(K) → X(Σ2K) constructed in [10]. Let p : C2K → EK be the 2-fold cyclic
covering of the knot exterior EK , µ2 a meridian of C2K. In this setting, pi1(Σ2K)
is isomorphic to pi1(C2K)/〈〈µ2〉〉, where 〈〈µ2〉〉 denotes the normal closure of 〈µ2〉.
Here, the map p naturally induces an injection p∗ : pi1(C2K) → G(K), so pi1(C2K)
is isomorphic to Im(p∗). Since p∗(µ2) is µ2K for a meridian µK of K, pi1(Σ2K) can
be considered as the quotient Im(p∗)/〈〈µ2K〉〉, Then the map Φ̂ : S0(K) → X(Σ2K)
is defined as follows: for χρ ∈ S0(K) and g ∈ pi1(Σ2K),
Φ̂(χρ)(g) = (
√−1)α(p∗(g))χρ(p∗(g)),(1)
where α : G(K) → H1(EK) = 〈µK〉 ∼= Z denotes the abelianization. For more
details, refer to [10].
Now, we describe the map Φ̂ as a polynomial map Φ̂ : S0(K) → X(Σ2K) using
the following theorem.
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Theorem 3.1 ([2], cf. [4]). For the knot group G(K) = 〈m1, · · · , mn | r1, · · · , rn−1〉
generated by n meridians m1, · · · , mn, we have
pi1(Σ2K) ∼= 〈m1mi (1 ≤ i ≤ n) | w(rj), w(m1rjm−11 ) (1 ≤ j ≤ n− 1)〉,
where w(rj) (resp. w(m1rjm
−1
1 )) is the word given by interpreting rj (resp. m1rjm
−1
1 )
with the generators m1mi’s.
Basically, a Fox’s theorem in [2] shows that for the presentation of G(K) in The-
orem 3.1
Im(p∗) ∼= 〈m1mi, mim−11 (1 ≤ i ≤ n) | w(rj), w(m1rjm−11 ) (1 ≤ j ≤ n− 1)〉
by a coset decomposition G(K) = Im(p∗) ∪ Im(p∗)m1. Then the quotient by 〈〈m21〉〉
gives Theorem 3.1. (For more details, refer to [2]. See also [4].)
By this presentation, the character variety X(Σ2K) of pi1(Σ2K) has the following
description through the map t applied in Section 1. Set the following for simplicity:
ya = tm1ma(χρ),
yab = t(m1ma)(m1mb)(χρ),
yabc = t(m1ma)(m1mb)(m1mc)(χρ),
for an unspecified representation ρ : pi1(Σ2K)→ SL2(C). Then as seen in Section 1,
by [3] we obtain
X(Σ2K) =
(ya; ybc; ydef) ∈ Cn−1+(
n−1
2 )+(
n−1
3 )
∣∣∣∣∣∣∣∣
χρ ∈ X(Σ2K)
2 ≤ a ≤ n
2 ≤ b < c ≤ n
2 ≤ d < e < f ≤ n

Note that by the SL2(C)-trace identity we have
yab = yayb − tmamb(χρ),
yabc = (yayb − tmamb(χρ))yc − t(m1mb)(mamc)(χρ).
Hence resetting
zab = t(mamb)(χρ), zabcd = t(mamb)(mcmd)(χρ),
we can change the above coordinates of X(Σ2K) to
X(Σ2K) =
(zab; z1cde) ∈ C(n2)+(n−13 )
∣∣∣∣∣∣
χρ ∈ X(Σ2K)
1 ≤ a < b ≤ n
2 ≤ c < d < e ≤ n

Using this expression and (1), we can describe the map Φ̂ as the following polynomial
map. For any trace-free character χρ = (xij ; xijk) ∈ S0(K),
Φ̂((xij; xijk)) =
(
tmamb(Φ̂(χρ)); t(m1mc)(mdme)(Φ̂(χρ))
)
(2)
=
(
xij ;
1
2
(x1cxde + x1excd − x1dxce)
)
,
since for any trace-free character χρ ∈ S0(K) we have
tmamb(Φ̂(χρ)) = tmamb((
√−1)2χρ) = tmamb(−χρ) = −tmamb(χρ),
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t(m1mc)(mdme)(Φ̂(χρ)) = tm1mcmdme((
√−1)4χρ) = tm1mcmdme(χρ)
=
1
2
(tm1mc(χρ)tmdme(χρ) + tm1me(χρ)tmcmd(χρ)− tm1md(χρ)tmcme(χρ)).
3.2. Ghost characters and surjectivity of Φ̂. In the previous research [9], we
have shown that a ghost character satisfying a certain condition (see below) is an
obstruction for the map Φ̂ to be surjective.
Theorem 3.2 (Theorem 4.9 (2) in [9]). For a knot K with a Wirtinger presentation
G(K) = 〈m1, · · · , mn | r1, · · · , rn〉, the map Φ̂ is not surjective if there exists a
representation ρ : Σ2(K)→ SL2(C) such that for the elements mimj (1 ≤ i < j ≤ n)
in pi1(Σ2K), the point (tmimj (χρ)) ∈ F2(K) gives a ghost character of K.
We review the proof of Theorem 3.2 briefly.
Proof. We first note that for any representation ρ : Σ2(K) → SL2(C), (tmimj (χρ))
gives a point in F2(K). Indeed, for any Wirtinger triple (i, j, k) and any 1 ≤ a ≤ n,
mamk = (mami)(mjmi and m
2
a = 1 hold in pi1(Σ2K)
∼= Im(p∗)/〈〈m21〉〉, and so for
any character χρ ∈ X(Σ2K), we have
tmamk(χρ) = tmimj (χρ)tmami(χρ)− tmamj (χρ).
This shows that tmimj (ρ) (1 ≤ i < j ≤ n) satisfy the fundamental relations (F2)
for G(K) and thus (tmimj (χρ)) gives a point of F2(K) for any representation ρ :
Σ2(K) → SL2(C). This naturally defines a map from X(Σ2K) to F2(K). (See the
map h∗ defined in [9, Subsection 4.3]. The dual map has been considered in [12].)
Now, suppose that there exists a representation ρ : Σ2(K) → SL2(C) such that
(tmimj (χρ)) ∈ F2(K) gives a ghost character of K. Then the character χρ must
be outside Im(Φ̂), since if it is not, the preimage Φ̂−1(χρ) is not empty and its
projection to F2(K), which is exactly (tmimj (χρ)) by (2), is not a ghost character, a
contradiction. 
Since there does not exist a ghost character for any 2-bridge and 3-bridge knots by
[9, Theorem 4.8], we cannot apply Theorem 3.2 for them. Moreover, we have shown
that the map Φ̂ is surjective for any 2-bridge knots ([10, Theorem 1 and Lemma
23], see also [6, Theorem 1.3]) and any 3-bridge knots ([9, Theorem 4.9 (1)]). So, to
answer the question in Section 1 negatively, we need to focus on knots with bridge
index more than 3. The target T4,5 is one of them, whose bridge index is 4.
3.3. Proof of Theorem 1.1. As shown in Subsection 2.3, the (4, 5)-torus knot
T4,5 has a ghost character (x12, x13) = (−1, 1) ∈ F2(T4,5). So, by Theorem 3.2 (more
precisely the map from X(Σ2K) to F2(K) in the proof of Theorem 3.2), if we can
construct a representation ρ : pi1(Σ2T4,5)→ SL2(C) satisfying
tm1m2(χρ) = −1, tm1m3(χρ) = 1,
then Φ̂ is not surjective. In fact, we can do it. Therefore we obtain Theorem 1.1.
Theorem 3.3 (cf. Theorem 1.1). For the (4, 5)-torus knot T4,5, the map Φ̂ is not
surjective. Namely, there exists an SL2(C)-representation of pi1(Σ2T4,5) which cannot
be given by any trace-free representations of the knot group G(T4,5).
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Proof. First, we need to calculate pi1(Σ2T4,5) by using Theorem 3.1.
Lemma 3.4 (cf. Theorem 3.1). For the Wirtinger presentation (without one relator)
G(T4,5) = 〈m1, · · ·m15 | r1, · · · , r14〉 associated with the diagram D in Figure 2.1, let
x = m1m2, y = m1m3, z = m1m4. Then we have
pi1(Σ2T4,5) ∼= 〈x, y, z | wi (1 ≤ i ≤ 6)〉,
where wi denotes the following relators:
w1 = z
−1x−1yz−1xz−1yx−1z−1,
w2 = z
−1x−1yz−1yz−1yx−1z−1x,
w3 = z
−1x−1yz−1yx−1z−1y,
w4 = zxy
−1zx−1zy−1xz,
w5 = zxy
−1zy−1zy−1xzx−1,
w6 = zxy
−1zy−1xzy−1.
We demonstrate how to calculate pi1(Σ2T4,5) in Lemma 3.4. First, by the relators
r1, · · · , r14 of G(T4,5), we have
m5 = m1m2m
−1
1 ,
m6 = m1m3m
−1
1 ,
m7 = m1m4m
−1
1 ,
m8 = m5m6m
−1
5 = m1m2m3m
−1
2 m
−1
1 ,
m9 = m5m7m
−1
5 = m1m2m4m
−1
2 m
−1
1 ,
m10 = m5m1m
−1
5 = m1m2m1m
−1
2 m
−1
1 ,
m11 = m8m9m
−1
8 = m1m2m3m4m
−1
3 m
−1
2 m
−1
1 ,
m12 = m8m10m
−1
8 = m1m2m3m1m
−1
3 m
−1
2 m
−1
1 ,
m13 = m8m5m
−1
8 = m1m2m3m2m
−1
3 m
−1
2 m
−1
1 ,
m14 = m11m13m
−1
11 = m1m2m3m4m2m
−1
4 m
−1
3 m
−1
2 m
−1
1 ,
m15 = m11m8m
−1
11 = m1m2m3m4m3m
−1
4 m
−1
3 m
−1
2 m
−1
1 ,
m1 = m4m14m
−1
4 = m4m1m2m3m4m2m
−1
4 m
−1
3 m
−1
2 m
−1
1 m
−1
4 ,
m2 = m4m15m
−1
4 = m4m1m2m3m4m3m
−1
4 m
−1
3 m
−1
2 m
−1
1 m
−1
4 ,
m3 = m4m11m
−1
4 = m4m1m2m3m4m
−1
3 m
−1
2 m
−1
1 m
−1
4 .
By the Tietze transformations, the first 11 relations show that G(T4,5) is generated
by m1, m2, m3, m4 and then the set of relators of G(T4,5) is generated normally by
the last 3 relations. So we obtain
G(T4,5) = 〈m1, m2, m3, m4 | w1, w2, w3〉,
where w1, w2 and w3 are the following words:
w1 = m4m1m2m3m4m2m
−1
4 m
−1
3 m
−1
2 m
−1
1 m
−1
4 m
−1
1 ,
w2 = m4m1m2m3m4m3m
−1
4 m
−1
3 m
−1
2 m
−1
1 m
−1
4 m
−1
2 ,
w3 = m4m1m2m3m4m
−1
3 m
−1
2 m
−1
1 m
−1
4 m
−1
3 .
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Consequently, by Theorem 3.1, we see that
pi1(Σ2T4,5) ∼= 〈m1m2, m1m3, m1m4 | wi(1 ≤ i ≤ 6)〉,
where w4 = m1w1m
−1
1 , w5 = m1w2m
−1
1 , w6 = m1w3m
−1
1 . Note that the relators wj
(1 ≤ j ≤ 6) should be words in m1mi (1 ≤ i ≤ 4). For simplicity, let x = m1m2, y =
m1m3, z = m1m4. Then we have
w1 = z
−1x−1yz−1xz−1yx−1z−1,
w2 = z
−1x−1yz−1yz−1yx−1z−1x,
w3 = z
−1x−1yz−1yx−1z−1y,
w4 = zxy
−1zx−1zy−1xz,
w5 = zxy
−1zy−1zy−1xzx−1,
w6 = zxy
−1zy−1xzy−1.
This shows Lemma 3.4.
To complete the proof of Theorems 1.1 and 3.3, we show that there exists a
representation ρ : pi1(Σ2T4,5)→ SL2(C) satisfying tr(ρ(m1m2)) = tr(ρ(m1m4)) = −1
and tr(ρ(m1m3)) = 1. To find such a representation, since tr(ρ(m1m2)) 6= 2, we can
assume up to conjugation that
(ρ(m1m2), ρ(m1m3), ρ(m1m4)) =
((
a 0
0 a−1
)
,
(
b c
d e
)
,
(
f g
h i
))
∈ SL2(C)3.
Then we can check that there exists an SL2(C)-representation ρ satisfying tm1m2(ρ) =
−1, tm1m3(ρ) = 1 and tm1m4(ρ) = −1. For example, we found the following repre-
sentation ρ : pi1(Σ2T4,5)→ SL2(C). Let i :=
√−1.
(ρ(m1m2), ρ(m1m3), ρ(m1m4))
=
((
e
2
3
pii 0
0 e−
2
3
pii
)
,
(
− i√
3
e
pi
3
i −2
3
1 i√
3
e−
pi
3
i
)
,
(
i√
3
e
pi
3
i i+2α
3
α − i√
3
e−
pi
3
i
))
,
where α is a root of 2α2 + α + 2 = 0. One can easily check that
tr(ρ(m1m2)) = 2 cos
(
2
3
pi
)
= −1,
tr(ρ(m1m3)) = − i√
3
· 2i sin
(pi
3
)
= 1,
tr(ρ(m1m4)) =
i√
3
· 2i sin
(pi
3
)
= −1.
By Theorem 3.2, this shows that ρ cannot be given by any trace-free representations
of G(T4,5), completing the proof. 
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Additionally, we found the following representations giving the remaining points
of F2(T4,5).
ρ(m1m2) =
(
e
2pik
5
i 0
0 e−
2pik
5
i
)
⇒ tr(ρ(m1m2)) = 2 cos
(
2pik
5
)
= 2 or −1±
√
5
2
,
ρ(m1m3) =
(
1 0
0 1
)
⇒ tr(ρ(m1m3)) = 2,
ρ(m1m4) =
(
e
2pik
5
i 0
0 e−
2pik
5
i
)
⇒ tr(ρ(m1m4)) = 2 cos
(
2pik
5
)
= 2 or −1±
√
5
2
,
where k = 0, 1, 2, 3, 4.
ρ(m1m2) =
(
3±
√
5+β
4
0
0 3±
√
5−β
4
)
⇒ tr(ρ(m1m2)) = 3±
√
5
2
,
ρ(m1m3) =
(
66(1±
√
5)+26β+β3
132
1±3
√
5
11
1 66(1±
√
5)−26β−β3
132
)
⇒ tr(ρ(m1m3)) = 1±
√
5,
ρ(m1m4) =
(
33(3±
√
5)−7β+β3
132
1±3
√
5
11
1 33(3±
√
5)+7β−β3
132
)
⇒ tr(ρ(m1m4)) = 3±
√
5
2
,
where β =
√
−2 ± 6√5. These representations show that X(Σ2T4,5) gives all points
in F2(T4,5).
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